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Generalized Active Control of Vibrations in Helicopters

Sergio Bittanti* and Francesco Alessandro Cuzzola®
Politecnico di Milano, 1-20133 Milan, Italy

The problem of active control of vibrations in the main rotor of helicopters is dealt with in the individual
blade control framework. We propose a controller valid for a generic flight condition by resorting to a linear
parametrically varying (LPV) control technique coupled with the so-called internal model control (IMC) principle.
The problem can be reformulated as the one of rejecting a periodic disturbance having known frequency acting
on the output of a suitable linear time-varying dynamic model. The main advantage of our control technique is
the flexibility of the LPV-IMC approach: It not only can be used with the generic flight condition, but it also can
be adapted to comply with a rotor blade model having a complex structure. We obtain a unique controller that
automatically gets adapted to the measured advance ratio. An alternative to this control rationale would be to
resort to the gain scheduling of periodic controllers, one for each forward flight condition. However, as indicated
by our previous research, this would require keeping memory of a large number of control laws in the onboard
computer. Furthermore, an H,, control strategy is considered to take into account the effects of both unmodeled

dynamics and unmodeled disturbances.

Nomenclature

= matrices of the state-space representation

of the blade model
= inputequivalentdisturbance
harmonic at kQ in signal d
output disturbance .
harmonic at kQ in signal d
number of rotor blades
rotor radius
control input
aircraft velocity
process and measurement noise, respectively
state-space matrices for the output noise model
state vector for the input disturbance model
state vector for the output disturbance model
measured output
= noise input of the model for the output
disturbance d
rotor advance ratio
state vector for the model of the output
disturbance d
state vector for the model for the kth harmonic
of the output disturbance d®
rotor angular frequency
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I. Introduction

N the recent years, the rejection problem of vibrations in he-

licopters has received notable attention (e.g., see Refs. 1-9).
Besides improving the comfort of the crew and passengers, such
an attenuation would be profitable to reduce fatigue in the rotor and
structure of the aircraftand to protectonboard equipmentfrom dam-
age. The frequency of the vibration signal induced by the rotation
of the blades can be considered constant. Moreover, this frequency

Received 1 June 2000; revision received 19 January 2001; accepted for
publication 20 January 2001. Copyright © 2002 by Sergio Bittanti and
Francesco Alessandro Cuzzola. Published by the American Institute of Aero-
nautics and Astronautics, Inc., with permission. Copies of this paper may
be made for personal or internal use, on condition that the copier pay the
$10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood
Drive, Danvers, MA 01923; include the code 0731-5090/02 $10.00 in cor-
respondence with the CCC.

*Full Professor, Dipartimento di Elettronica e Informazione; P.za L. da
Vinci 32; bittanti @elet.polimi.it.

TPh.D. Postdoctoral Assistant, Dipartimento di Elettronica e Infor-
mazione, P.za L. da Vinci 32; cuzzola@fusberta.elet.polimi.it; also Post-
doctoral Researcher, Automatic Control Laboratory, Swiss Federal Institute
of Technology, Phisikstrasse 3, CH-8092 Zurich, Switzerland; cuzzola@
aut.ee.ethz.ch.

340

is a priori known, and given by N Q. Hence, our active control de-
sign problem is formulated as the problem of attenuating a periodic
disturbance (of known frequency).

Among the various approaches proposed in the literature (see
Refs. 1 and 8), three main lines of thought can be identified: 1) con-
trol of the vibratory response of the airframe by acting on the
airframe, 2) control of the vibratory response of the airframe by
acting on the main rotor (the so-called higher harmonic control
technique), and 3) rotor control by measurement of the vibratory
accelerationsloads on each rotor blade individually.

This paper deals with this last strategy, leading to the individual
blade control (IBC) method (see Refs. 1 and 9-11 and the references
therein). It is generally agreed that the IBC technique is promising.
Its considerationis made difficult by the impossibility of resorting to
the multiblade transformationso that one must deal with the rotating
reference frame. This means that, to cope with the generic flight
condition, the appropriate model for control design is necessarily
time varying (see Refs. 8, 9, and 12-14). In the past years, our
research activity focused on specific flight conditions. In hover, the
model turns out to be linear and time invariant so that the control
design task can rely on consolidated control techniques, such as
pole assignment’ and the optimal linear quadratic Gaussian (LQG)
method.® In forward flight (at constant velocity), the situation is
more complex because the mathematical model is still linear but is
no longer time invariant. Precisely, the system matrices exhibit time
periodicity with period rr / 2 and with characteristics depending on
the aircraft velocity (e.g., see Refs. 12, 15, and 16). This is why
a periodic approach has been proposed in Refs. 5 and 17. This
approach exhibits good performances when the helicopter is in a
forward flight conditionand the controllerused has been synthesized
for the correct velocity. On the contrary, a controller designed for a
given velocity may lead to poor performances when the helicopter
is in forward flight at a different (constant) velocity.’ To design a
control system able to cope with any time variability in the flight
velocity, it is possible to calculate a number of periodic controllers,
each one corresponding to a different velocity and using them in a
gain-scheduling fashion. This can be impractical because it would
be necessary to keep memory of a large number of control laws in
the onboard computer.

In this paper, we investigate the applicability and limitations of
linear parametrically varying (LPV) control techniques, in their lin-
ear matrix inequality (LMI) version e.g., (see Refs. 18-20) for the
generic flight case.

In the classical robust control approaches, the typical objective is
to design a control law valid for all values of an unknown parame-
ter. This may lead to very conservative control systems. The LPV
technique is more flexible because the controlleris tuned according
to a parameter that is a priori uncertain but that can be measured
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online. In this way, the adaptation of the controlleris automatically
performed in function of a parameter having a specific physical
meaning. This is one of the reasons behind the success of the LPV
approachin the recent years in aeronautics’’ ~>* and in other indus-
trial fields.?*

The research activity reported herein has been developed in co-
operation with a major Italian helicopter company and already has
led to the development of simulation codes and identified models
for helicopter rotors.” '3

The paper is organized as follows. In Sec. II, a precise formula-
tion of the disturbance rejection problem is given and the adopted
mathematical model of the rotor blade is briefly introduced. Then,
in Sec. III, we presentthe linear fractional representationof the rotor
blade model. This representationis a fundamental step for control
design purposes (Sec. IV). Finally, some significant validation ex-
periments are presentedin Sec. V. The paperis complemented with
two Appendices, the first concerning linear fractional representa-
tions and the second concerning the harmonic transfer function, a
tool for the solution of the disturbancerejection problem.

As usual, M > 0 (M <0) means that the symmetric matrix M
is positive (negative) definite. Moreover, the symbol I, is used to
indicate an identity matrix of dimensionr. The L, norm of a vector
valued function x (-) is

1

lxllz, = {/ x(t)Tx(t)dt}
t=0

The symbol F (-, -) is used to indicate the lower linear fractional
transformation>2® Precisely, given five matrices M, M\,, M,,,
M5, and © of suitable dimensions

My M »
M(©®):=F O =M+ M0 — Mp®)™ My
My My

This expressionis named the linear fractional representation (LFR)
of the matrix M (©).

II. Problem Statement
A. Model
As discussedin various papers,'*° the vibration attenuation prob-
lem can be faced by means of a mathematical model such as the
following one:

x(1) = ADOF@) + B()u(t) + v(1)
y(t) = C(OF(t) + D(u(t) +d(t) + w(t) 8]

where u (-) is the variationto the pitch angle of the blades (IBC input)
and y(-) is the vector of measured output. In the model used for this
study, y(-) is a scalar measurement of the vertical shear force at the
root of the blade. Also, x(#) € " is the state vector of the system.
The disturbanced (¢) is periodic with angular frequency N 2, where
N is the number of blades and €2 is the angular velocity of the rotor,
and v(t) and w(t) are introduced to characterize model mismatches
and measurement errors.

The rotor blade model here referred to has been used in a num-
ber of previous works (e.g., Ref. 5) and is described in detail in
Ref. 16 (also see Ref. 12 for the basic modeling issues). Notice that
all the model equations are expressed in dimensionless form: The
normalization involves masses (normalized with respect to the air
density) and lengths (normalized with respect to the rotor radius
R) (Ref. 16). The periodic aerodynamic loads have been computed
by means of the classical blade element theory assuming a uniform
inflow model.'® The assumption of linearity of the adopted model
(1) is subject to validation: Precisely, it is necessary to verify that
the designed control system produces a pitch angle variation u ()
whose amplitude is small enoughto be compatible with the linearity
assumption.

Notwithstanding its simplicity, this model takes into account the
main features of interest, in particular, the flexibility of the blade
and the dependence of the model dynamics on the considered flight
condition. As discussedin Ref. 16, the model complexitydependson

the number of out-of-plane bending modes considered in the blade
modelization. When ¢ is such a number, the state vector x(¢) € X"
has n =2q components, and the model can be made more accurate
by increasing the number of modes. The dependence of the system
matrices on velocity can be captured as follows. Let 1 (¢) denote the
rotor advance ratio, namely, the dimensionless quantity

n@) =V(@)/QR @)

where V (¢) is the aircraftvelocityand R is the rotorradius. Typically,
this quantity takes values from O (hover) to 0.3 (high velocity).
The approach described here can be extended to a wider range of
velocities with a more accurate modelization of the rotor blade.
For simplicity, in the sequel the dependence of 1 on time is often
omitted.

Because of the modeling assumptions, the system matrices A(?),
B(t), C(t), and D(t) have the following structure, as discussed in
Ref. 16:

A(t) = Ao(p) + Are(p) cos(t) + Ay (1) sin(€2r)

B(t) = Bo(i) + Bis (1) sin(€2t) + Bac (1) cos(2821)

C(1) = Co() + Cic(p) cos(821) + Ci (1) sin(€2r)
+ Coc (1) cos(2€1)

D(t) = Do(w) + D1 (u) sin(§21) + Dy (1) cos(2€21) (3)
As one can note from Egs. (3), the system matrices depend on ¢
both directly and indirectly, via the rotor advance ratio p. For the
dependence of matrices Ag(u), Aj.(n), and A (u), j=1,2, on
1, it can be shown that these matrices can be expressed as a power
series limited to the second power?’:

Ag(1) = Ago + Ao it + Ao i, Aje(pn) = Ajiepe + AjzclLZ

Ajs (M) = Ajlxﬂ + A_/'ZJI*LZ (4)

Analogousexpressionshold for B(t), C(t), and D(t). From Egs. (3)
and (4), it is apparent that in hover (helicopter standing, i =0)
the system matrices A(t), B(t), C(t), and D(¢) are constant,
whereas in forward flight (. = const), they are periodic with period
T:=2n/Q: A(t)=A(t +T) and analogously for the remaining
matrices. If one moves to considering a generic flight schedule, the
periodic behavior of matricesis lost, and a more complex variability
has to be taken into account.

Note that, whereas the functional variability of the system ma-
trices depends on_the flight schedule of the helicopter, the vibra-
tion disturbance d(t) is always periodic because it is the effect of
the rotation of the blades (which takes place at constant velocity).
Therefore, independently of the flight conditions, the main angular
frequency of the disturbance d(t) is N2. The numerical data used
in the simulations refer to the helicopter Agusta A109 for which
2 =40.32 rad/s and R =5.5 m: This helicopter has a four-bladed
and fully articulated rotor.

Remark (system matrices): For the subsequent developments, it
is useful to write the system matrices as

2
A(t) = Ao(1) + Z[Ajc(ﬂ) cos(j2r) + Aj; () sin(jQO]  (5)

j=1

and analogously for B(t), C(t), and D(t). Obviously, Eq. (5) is
equivalent to expression (3) by adding some null matrices. Now,
when Egs. (4) is substituted here, one can obtain an expression of
A(t) in terms of the components of the following vector (with 15
elements):

8@t = [1, p, u2, sin(Q1), w sin(Q2), u? sin(Q1),
cos(Q), ..., u>cos(2Q0)] (6)

Precisely, denoting with §;(¢), i =0, 1, 2, ..., 14, the components
of the vector (6), it follows that

A1) = 8o(1)Ago + 81(DAe1 + 82D Aca + -+ +814(D)Azne. (7)
Analogous expressionshold true for B(t), C(¢), and D(¢).
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B. Active Control Problem

The purpose of the active control system is to superimpose to
the pitch command of the pilot a variation to reject the periodic
component of the shear force while keeping the intensity of the
pitch angle variation limited enough to avoid interference with the
pilotdecisions. As a matter of fact, the linearity of the adopted model
is aconsequenceof only small perturbationsin the pitch angle being
allowed. In this regard, note that the signal #(#) in the model is the
variationof the pitch angle with respectto the pitch angle decided by
the pilot. The control problem is formulated as follows: Reduce the
effect of d(¢) on y(t) by acting on u(t). For the design techniques
presentedin the sequel, it is useful to translate the disturbance from
the output to the input, to replace system (1) with the equivalent
system:

x(1) = A()x (1) + BO[u(t) +d(1)] +v(1)
y(@) = CO)x(t) + DO[u@) +d®)] + w() ®)

Such a translation is possible thanks to the linearity of the system.
However, two important issues should be underlined at this point.

1) The state vector x(-) of system (1) is different from the state
vector x(-) of system (8) because of the disturbance translation.
However, the two models are input/output equivalent, in the sense
that the effect of the input equivalentdisturbance (IED) d(-) on y(-)
in system (8) is the same as the effect of d(-) on y(-) in system (1).

2) The spectral characteristicsof d(-) may be quite different from
those of d(-), the only exception being the hovering condition. In-
deed, in hover, the system is time invariant and the spectral lines
of the IED overlap with those of d(-) (with differentintensities and
phases). In forward flight, however, the system is time periodic, so
that, even though the output disturbance reduces to a finite number
of frequencies, infinitely many harmonics are required at the input
toreplicateits effect. In particular, althoughd(-) is periodic with an-
gular frequency N, the input equivalent disturbance d (-) must be
periodic with angular frequency 2 (also see Ref. 28). Thus, there is
a frequency spawn effect because the spectral contentof d(-) covers
a much wider range of frequencies than that of d(-).

III. LFR of the Rotor Blade Model

Atthe basis of the developmentof our control system, there is the
observation that the helicopter rotor blade model (1) can be given
an LFR. Such a representation describes a system as a feedback
structure whose forward part is purely time invariant, whereas the
backward part contains the whole time variability of the model.
For systems with such a structure, powerful control techniques are
available (e.g., see Ref. 25).

In our case, we observe that the original system (1), deprived of
the disturbance d(t), can be rewritten in the form

F(t)—l
(@) u(r)
=M 9
[y(t)} © v(f) ©

Lo

At) B@t) I 0
c@t) D) 0 I

where

M(t) = (10)

In turn, recall that all of the rotor model matrices present an affine
structure, for example, the matrix A(¢) has the form (7), then the
matrix M (¢) can be rewritten in the following way:

M (1) =80(1) Moo+ 8, ()Mo + 62()Mos + -+ - + 81 () M; 5,
(1D

In view of the particular structure of this model, we can easily find
an LFR of model (9-11). More precisely, letting

81 =n,

84(1) = cos(2921),

8, (1) = cos(Q1), 85 (t) = sin(Q21)

85(1) = sin(2Q1) (12)

itis possibleto find three constant matrices U, V, and S of suitable
dimensions and five positive integersr;, withi =1, ..., 5, such that
the matrix M (t) can be rewritten as follows:

M) = My +UA@[I — SA(®)]™'V (13)
where
A(t) = diag(8, 11, 8212, 851,3, 84 1,4, 551,5) (14)

Expression (13) can be found via singular value decomposition
(SVD) techniques by exploiting the rational dependence of matrix
M (¢) on functions §; (¢). This correspondsto a standard procedure?
that has been briefly outlined in Appendix A. According to a
common practice, one can also write

My = #(| M0 YVl A 15
@) = v sl () (15)

This type of system description is familiar in the realm of robust
control: Following the ideas in Ref. 26 and others, we have achieved
the important goal of confining the time variability of the original
rotor model (1) in the return block of a feedback system, whose
forward part is purely time invariant (Fig. 1).

IV. Control Rationale

In Ref. 5, the disturbance attenuation problem has been faced in
the forward flight case only, resorting to optimal control techniques.
More precisely, the control rationale used there calls for two loops:
The inner loop is used to reconstruct the IED to compensate the
disturbance d(t) acting on the output of model (1); the outer loop
has the task of stabilizing (by means of an LQ approach) the whole
system. In this paper, we design a control system for a generic flight
schedule according to the following steps (Fig. 2).

1) An effective estimate of the IED is obtained by means of the
internal model control (IMC) principle”: Under the assumptionthat
an effective stabilizing control signal u, (¢) for the helicopter model
(9) [see also Eq. (1)] is available for any flight condition, a sensible
estimated(-) of the periodic disturbance d(-) can be obtained by
subtracting the measured output y(¢) to the output of an suitably
complex internal model of the rotor blade (9) (Fig. 2). Moreover,
from the estimate of the disturbance d(-), the IED signal can be
recovered by means of filtering techniques and periodic frequency
domain concepts that will be described in Sec. IV.A. This rationale
is represented by the inner loop of Fig. 2.

u(?)

v(?) (@)
AN S >

w(t)
Fig. 1 LFR of the rotor blade — ] (LTISystem)

model.
q(t) @)
A()

Rotor Blade Model
@
. u(t) H(A®) " ¥(®
;{ Rotor blade

H(A() D
Internal 50
Model

] £0)
40 HTF() Filter

LAQ) LPV-LMI
Controller

Fig.2 Control rationale.
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2) The outer loop computes the stabilizing control signal u (t) by
means of an LPV control law guaranteeingrobust stability indepen-
dently of the flight condition. This will be the subject of Sec. IV.B.

A. Reconstruction of the IED
In the vibration attenuation problem, a major design task is the
selection of the frequencies to be attenuated. The problem is often
limited to that of canceling the first harmonic (at angular frequency
N ) in the output disturbance. However, in general, one may con-
sider a number of spectrallines, forexample, NQ,2NQ, ..., mNQ,
to be canceled. The output disturbance can be expanded in Fourier
series as
d@y = _dY ) (16)
k

and the appropriate state-space model for a generic harmonic at
frequency k N2 is given by the second-order model:

<& ® c ()

(LTI System)

Fig.3 Structure of the LPV
stabilizing controller.

q.() p.(0)

d*™ (1) = hg*™ (1)
a7

é(kN)(t) — W(kN)S(kN)(t) + Z(kN)(t)’

where

_ 2
W(’”:|:O (km] h=1[1 0] (18)

1 0

Consequently, by piling up all state vectors of the considered har-

monicsEM (1), £V (1), ...,V (¢), one obtainsthe overallmodel

for the output disturbance as follows:
§(1) = WE@) +2(0), d(t) = H&(1) (19)

with

(=Rl el ol o)
(=Rl el ol o)

=4
o
o 5l

System Output (Vertical Shear Force)
s
o
15

-01

a) Rotor Revolutions

15 20 25 30

of

4
[}
i)

System Output ( Vertical Shear Force)

o 5 10 5 20 25 30
b) Roter Revolutions
Fig.4 Forward flight: . = 0.3—vertical shear force at the root of the blade without (- - - - - ) and with active vibration control (——). The experiments

correspond to the cases: a) k, = 1.1 and b) k, =1.15.
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A first step toward the reconstruction of the IED is the estimation
af the state £(¢) of the disturbance model (19). From the estimate
d(-) of d(-) obtained by means of the IMC principle, one can re-
construct the state &£(-) of the disturbance model (19). Because the
output disturbance model (19) is linear and time invariant, the filter
considered to this purpose is linear and time invariantas well:

Xf(t):Afo(t)‘f‘de:(t), é(l‘):Cfo(t)‘f‘Dfd:(t) (20)

As filtering criterion, an H,, rationale was adopted'®3*3! by im-
posing a limited effect of the noise z(f) on the estimation error
&(t) — &(t) according to the condition

IE — &1l

z€Ly— {0} ||Z||L2

<Vyr @2n

When the estimate é(t) of the state of model (19) is obtained, it is
possible to derive the estimate of the kth harmonic d*™ (¢) of the
output disturbance. Indeed, if we write

d*M (1) = a*V sin(k NQ1t) + B4V cos(kNQ1)  (22)

a*M and B*N) must satisfy the equations
£V (1) = a™V sin(kNQt) + *N) cos(kN Q1)

(1) = —[a* [kN Q] cos(kN 1)

+[B*™ [kNQ] sin(kN ) (23)

where &V (t) and £V (1) are the components of &*V)(r).
Parameters o V) and %) can be obtained by solving this system
with the estimated state in place of the true one.

With knowledge of a®*™ and B*™), the computation of the har-
monics of the IED can be performed via the harmonic transfer func-
tion (HTF). This method, concisely outlined in Appendix B, puts
into correspondence the input and output harmonics of a periodic
system operating in a periodic regime. Note that, to a single har-
monic at the output, there corresponds an input with infinitely many
harmonics. By the repeating of the single harmonic procedure for
k=1,2,...,m, the appropriated(-) can be found by superposition
of the various contributions needed for the single harmonics at the
output.

Remark (HTF): As a tool to inverta periodic system operating in
aperiodicregime, the HTF is rigorously valid in forward flight only.
However, our simulation experience shows that one can use it even
in a generic flight condition with satisfactory results. The reason is
probably that, considering realistic variations rates of the velocity,
the passage from a periodic regime to another periodic regime takes
place smoothly enough. Obviously, to cope with a general flight
condition, we consider an HTF tuned according to the (measured)
advanceratio u (Fig. 2).

B. Synthesis of the Control Law

In this section we face the problem of finding a sensible stabi-
lizing control law for the rotor blade model (9). The same problem
was addressed in Ref. 5 by resorting to the separation principle in

o5,
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Fig.5 Forward flight: 1 = 0.3—control variable u, (in radians). The experiments correspond to the cases: a) k, = 1.1 and b) k, = 1.15.
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an LQG framework for periodic systems. Here, we propose an Hy,
robust control approach that does not exploit any separation prin-
ciple. Precisely, we observe that in our problem, the advance ratio
w is measured. Consequently, we can resort to LPV ideas!®32~%
to work out a stabilizing controller valid for any flight condition.
The implemented LPV controller (Fig. 3) consists of a linear time
invariant system (denoted by C) and a feedback block [A.(-)]. The
A (-) law is deduced from function A(-), which in turn is computed
from the advanceratio i [see Eqs. (12) and (14)]. In this manner, we
can face the vibration control problem of the rotor in general terms
disregarding the specific flight condition of the aircraft: This is the
most significant advantage of the control technique described here
with respect to the periodic strategy described in Refs. 5 and 17.
In fact, as pointed out in our previous works, a periodic controller
calculated for a certain velocity can exhibit poor performancesin a
different flight condition. Therefore, to face the generic flight con-
dition by means of a periodic strategy, one should schedule both the
control and the filtering laws according to the actual advance ratio:
as previously pointed out,!” such an approach requires a consistent
amount of periodic controllers and filters to be scheduled.

The LPV stabilizing control law proposed here has the following
state-space structure:

() = Ax. () + Bc[y ® } 24)
pe(t)

ug(t) y()
= Cc c Dc 25
[qc(t)} e+ [pe(f)} 2
pe(t) = AJAD)]ge (1) (26)

where A., B., C., and D, define the linear time invariant part C of
the controllerrepresentedin Fig. 3. For the specific design of matri-
ces A, B, C.,and D, and function A.(+), one canresort to different
criteria: In our case we have adopted the LPV-H,, approach pre-
sented in Ref. 19. This technique can be applied to plants for which
an LFR is available. It has the distinctive feature that the synthesis
approach does not require any knowledge on the rate of variation
of the scheduling parameters contained in the backward part of the
rotor blade LFR model (see Sec. II), that is, the rate of variation
of functions §;(¢) [see Eqs. (12-14)]. Only the knowledge of the
ranges of variation of functions §; (f) is necessary. In fact, to apply
the theory of Ref. 19, one has to make a convexity assumption on
the set where the scheduling parameters §; (¢) range

Vi € [1, 5], sm <8 <8 27
Now, it is fairly apparent that the parameters 52, 53, 54, and 55,
being sinusoidal functions, trivially satisfy Eq. (27). The scheduling
parameter §; is the advance ratio p, and it is obviously limited for

o=

e
=}
=] fail

System Output (Vertical Shear Force)
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—0.1k

15 25 30

Roator Revolutions

o
o
=) [

System Output (Vertical Shear Force)
&
&

180 185 190 195 200 205 210 215 220
Rotor Revolutions
Fig. 6 Flight at variable velocity: p varying as in Fig. 10—vertical shear force at the root of the blade without (- - - - - ) and with active vibration

control (——). The experiment corresponds to the cases k, = 1.1.
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technologicalreasons: 0 < 51 < Wmax- As areasonable value one can
take . = 0.3. See Ref. 19 for the details on the synthesis problem
and to Refs. 36 and 37 for more details on the theoretical aspects.
Remark (LPV synthesis problem): The LPV synthesis problem
associated with a continuous-time and time-varying system calls
for an infinite-dimensional set of LMIs. To overcome this diffi-
culty, many approacheshave been proposed?> We have adopted the
synthesis procedure proposed in Ref. 19. This approach is based
on the full block S-procedure®®3® and (in a conservative way) on
a single constant Lyapunov function for all feasible values of the
time-varying parameters. That the set of all feasible A(¢) is con-
tained in a convex hull A [see Eq. (27)] sets the basis for the use of
the control design technique proposed in Ref. 19. Precisely, let A4,
A,, ..., Ak be aminimal set of generators of the convex hull A. In
our case, K =2° =32 because as pointed out by Eq. (14), A(?) is
defined on the basis of five functions §; (¢). The synthesis technique
described in Ref. 19 reduces an infinite-dimensional LMI problem
to a finite number of LMIs by imposing some LMI constraints on a
suitable full-block scaling matrix for each generator A; of the con-
vex hull. More precisely, letting QO be this scaling matrix of suitable
dimensions, by applying the full block S-procedure we obtain the

following K LMI constraints:
AT’ ol%[>0 @8
I 1|~

Further details about this technique can be found in Refs. 19 and
36. m|

Vi=1,2,...,K,

The control design we have performed is based on the H
performance requirement

zellL,

< Ve (29)
we € Ly — {0} lwellz,

where z.(-) is a suitable performance signal, w,(-):=[v(-)T|

w(-)T]" is the disturbance acting on the whole system (9), and y. is

aperformanceindex to be tuned. In our problem, an effective choice

of z.(+) is given by

() =k [kzyfzt)} (30)

where k; and k, are weighting coefficients to be chosen by the
designer. As it will be pointed out in the validation experiments re-
ported in the following section, the usefulness of the performance
coefficient k, appearing in the expression of z.(-) consists of the
possibility of limiting the amplitude of the control signal u,(-) gen-
erated by the stabilizingLPV controllerand, hence,in the possibility
of avoiding an excessive interference with the pilot decisions. The
role of the coefficient k; is purely numeric because it allows the
numerical stability of the synthesis procedure to improve.

V. Validation Experiments

In this section, we propose some numerical experiments to show
how the control rationale of Fig. 2 allows the disturbance rejection
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to perform in a versatile way. Of course, this requires the prelimi-
nary tuning of the performance coefficients &y, k,, v, and y. [see
Egs. (21), (29), and (30)].

According to an extensive set of simulation trials, it turns out
that a good performance can be achieved by taking as performance
coefficients y, y., and k, the values reported in Table 1. As noted
before, the coefficient k, can be used as a tuning knob to regulate
the amplitude of the control variable u,(-) to avoid an excessive
interference with the pilot decisions.

A first set of simulation experiments have been performed with
reference to the forward flight condition associated with = 0.3.
The diagrams of the output and of the control input u, are presented
in Figs. 4 and 5 respectively. We have considered the following
values of the coefficient k, ={0.1, 0.15}.

A second family of experiments refer to a ramp variation of the
advance ratio from 0.15 to 0.25 followed by a period in which the
advance ratio is kept constant to the value of 0.25 (see Figs. 6-10).
For simplicity, we will consider a constant amplitude for the distur-
bancesignal d(¢) for all possible values of the advanceratio. Clearly,
our control rationale remains valid even when d(¢) varies in ampli-

Table 1 Performance coefficients

Coefficient Value

Yr 0.1
Ve 0.05
ky 0.1

tude with the advance ratio. This second set of simulations refers
to experiments lasting 250 revolutions: Because of the very long
duration of these experiments (which is compliant with a realistic
accelerationof an helicopter), in Figs. 6-10 we plotted the data cor-
responding to the first 30 revolutions and the data correspondingto
the rotor revolutions from 180 to 220 (note that from revolution200
onward, the advance ratio is kept constant).

Also in this case, we consider different experiments associated
with k, ={0.1, 0.15}. The results of the various simulations clearly
show that the intensity of the control variable is dependent on the
value assumed by k,: Figures 6 and 8 refer to the case k, =0.1,
whereas Figs. 7 and 9 refer to the case k, =0.15. Moreover, Figs. 8
and 9 show that the control problem becomes more demanding for
high values of the advance ratio.

Notice that the control input signal exhibits a diverging pattern
over the first 200 revolutions (compare Figs. 8a and 9a, where the
first 30 rotor revolutionsare plotted, with the Figs. 8b and 9b, where
the rotor revolutions from 180 to 220 are plotted). This is obviously
due to the progressive increase in the value of ;. When p becomes
constant (from the revolution 200 onward) the oscillation in the
signal u,(¢) maintains a constant amplitude (see Figs. 8b and 9b).
Finally, from Figs. 8 and 9, it appears that the maximum amplitude
of the control signal looks compatible with the model linearity as-
sumption. Moreover, with a suitable choice of k,, the amplitude of
the control signal u, () can be kept small enough to avoid interfer-
ence with the pilot decisions.

To better evaluate the effectiveness of the synthesized controllers
in terms of the tradeoff between disturbance rejection effect and
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energy of the control input u,(-), the following cost functions are
introduced:

1 tf
Ji (ko) = / y(1)* dt
tr—1t J,

closed loop

Ji (k)

31
A

1 rf
Jr(ky) = _/ u, ()% dr, J3(ky) =
=1 ),

Roughly, J;(-) is the output signal energy in closed loop, whereas
J>(-) is an indication of the corresponding control effort. Table 2
showsthatas k, increasesthe closed-loopoutputenergy decreasesso
that a better disturbancerejectionis achieved. Correspondingly, the
energy of u,(-) decreasesas well, butthe quotient J; (+) is increasing.
These considerations can be used for a sensible selection of k.
Remark (IBC approach): The IBC approach may be implemented
without necessarily using the swashplate as actuator device. This is

applied frequencies. When the IBC is implemented by means of
the swashplate, there is an obvious limitation that is related to the
band of the actuator. In this respect, notice that our approach allows
selection of the number of spectral lines in the control variable by
a sensible truncation in the HTF calculation. For instance, in our
reported simulations, we have considered a vibration disturbance
consisting of a single harmonic (at 4€2), and we have allowed in the
control signal all frequencies k2 with k ranging from 1 to 11.

0.22

Advance Ratio
<
<

why, as pointed out by many authors (e.g., see Ref. 9), this technique 049
allows control of each blade individually without restriction on the o8
0.17
Table 2 Performance cost functions 016
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VI. Conclusions

This paper addresses the problem of attenuating the vibrations
induced in the helicopter fuselage by the main rotor within an IBC
framework. This framework is characterized by the need of using
time-varying models. We tackle the control problem for any flight
condition by resorting to a LPV control strategy.

In the special case of level forward flight, the time variability
takes a particular structure in that the system coefficients are pe-
riodic. Correspondingly, by exploiting periodic control techniques,
a suitable controller can be designed for a specific velocity. Un-
fortunately, the periodic control approach shows poor performance
when a controller designed for a certain velocity is used for another
velocity. To overcome this problem, a gain scheduling of periodic
controllers would be required. This may be impractical because the
number of the control laws that have to be considered turns out
to be high. On the contrary, the LPV approach leads to a unique
control law that exploits the measurements of the advance ratio as
scheduling parameter to adapt the control rationale to the specific
flight condition.

Moreover,the adopted LPV controltechniquecan deal with plants
subject to time variabilities with any rate of variation. What really
matters is the knowledge of the range of variation of the scheduling
parameters. This is the reason why an LPV technique also can be
extended to the case in which the plant contains nonlinear effects.

Last, the LPV technique allows to face the fundamental problem
of keeping limited the amplitude of the control signal to avoid an
excessive interference with the piloting commands.

Our simulation experiments show a satisfactory behavior of the
control system even in demanding situations. They can be still im-
proved by allowing more frequencies in the spectrum of the input
equivalentdisturbance.

A final remark concerns the fact that our control design method-
ology relies on an Hy, performance assessment. This has a twofold
advantage: First, it is not necessary to have a priori knowledge about
the intensity of the disturbances representing noise effects and un-
modeled dynamics. Second, there is the possibilityof resortingeasy-
to-use design knob to to tune the controller.

Appendix A: LFR of the Rotor Blade Model

As pointedout in Eq. (10), the rotor blade model is representedby
amatrix having the following affine structurein some time functions
Si()ywithi=1,2,...,14:

14
M) = Mo+ ) Misy(0) (AD)

i=0

A simple way to achieve an LFR is to factorize matrices M; as
M; =U,;V,, where the number of columns of U; is given by the
rank r; of M;. In practice, such a factorization is found by means
of SVD techniques, so that it is possible to drop out the negligible
singular values. In this way, the number of columns of U; is in fact
the numerical rank of M;. In such a way the matrix M (t) of Eq. (A1)
can be rewritten as follows:

M@)=My,+UA@®)V (A2)
where

U=1[U.....U4l V=[Vi.. V] (A3

and
A() = diag* | [8:(0)1,] (A4)

This way of proceeding presents a substantial drawback concerning
the computational effort required to synthesize an LPV controller.
In fact, as pointed out in the Remark of Sec. IV.B, the synthesis
of an LPV controller implies at least the generation of 2X LMI
constraints [see Eq. (28)] where K is the cardinality of a minimal
set of generators of the convex hull A is which A(?) is contained.
In our problem, it would turn out K =14 [see Eq. (A4)] because
A(?) is depending on 14 independentfunction §; (t). Consequently,

the number of LMI constraints to be considered would be huge that
is, 16,384 constraints.

Fortunately, each function §; (#) can be expressed terms of five
functionsonly, the §; (t) specified in Eq. (12); precisely, the compo-
nents §; () of vector (6) can be written as

5
&) = l_[ 80" hg,j) (AS)

j=1

where n; ; are suitable positive integers, and

1 if 5. (t) is a factor for & (¢
he,) = (@) . ® (A6)
0 otherwise
Consequently, each term of Eq. (A1) can be written as
5
M;5;(t) = M; l_[ Sj(t)ni'jh(i.j) (A7)

j=1

which, by factorizing matrix M;, can assume the following form:

5
M5, = [ [iM;8,01 kg (A8)
j=1
In conclusion, the problem of finding the LFR of M(¢) [Eq. (A1)]
can be faced by finding the LFR of each single term M; ;3;(¢).
Indeed, the LFR of Eq. (A8) can be computed by multiplication
of the LFR of these terms. In turn, by summation of the LFR of
Eq. (A8), one can achieve the LFR of Eq. (Al). In such a way we
can obtain an LFR for which K, thatis, the cardinality of a minimal
set of generators of the convex hull A, is 5 only. Consequently the
number of synthesis LMI constraints is drastically reduced that is,
from 16,384 to 32.
For multiplication, consider the simple case when

8:(1) = 8,(1)8:(1) (A9)
and with
M;8:(1) = M8, (1) Min (1) (A10)

The LFR of this productcan be found with the following algorithm.

1) If r;; is the rank of M, find an r;; decomposition of M,
as M;; = U;, V;;. Analogously, find an r;» decomposition of M;, as
M;, =U;,V;,, where r;, is the rank of M;,. In such a way we can

write
B 0o U, -
Milsl(t):f Vl O ,81(1‘)[,.”

=710 Y2 5o (A11)
i2 2()_ Vl O ) 2())‘,‘2

2) An LFR of M;$;(t) can be found as follows:
M;é; (1)

V; 0 0

[ 0 [y, ol ]
= ’7: [ O :| [O VilUi2i|J ’ dlag(gl (t)lr,‘lﬂgZ(t)Iriz)

(A12)
For the sum of LFRs, it can be easily performed as

A B A eA (1 B A
C1D1’1+ C2D2’2

A +4, [B B]
=F C D, 07|, diag(Ai, Ay) (A13)
C, 0 D,
The procedure just outlined has many degrees of freedom, which

can be exploited to optimize the computationburdenof the synthesis
procedure reducing the dimension of the matrix A(z).
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Appendix B: HTF
Appendix B is dedicated to a concise presentation of the HTF.
For additional details see Refs. 39 and 40.
Consider a continuous-time linear periodic system:

x(t) = A(Ox() + B(OHu@),  y() = CO)x(t) + DD)u(t)

(B1)

with A¢+T)=A@), Bt+T)=B(), Ct+T)=C(), and
D(t+T)= D(t). Each matrix can be expanded in a complex
Fourier series

A@) =) A, (B2)

meZ

and similarly for B(t), C(t), and D(t); the system can be analyzed
in the frequency domain as follows.

Introduce the class of exponentially modulated periodic (EMP)
signals>® The (complex) signal u(¢) is said to be EMP of period T
and modulation s if

u(t) = Zune"” (B3)

nez

witht>0,s,=s+ jnR2,ands € C.

The class of EMP signals is a generalization of the class of
T -periodic signals: as a matter of fact, an EMP signal with s =0
is just an ordinary time-periodic signal. In much the same way as
a time-invariant system subject to a (complex) exponential input
admits an exponentialregime, a periodic system subject to an EMP
inputadmits an EMP regime. In such a regime, all signals of interest
can be expanded as EMP signals as follows:

x(t) = anej”’ (B4)
nez

x(t) = anxnef"’ (B5)
nez

YO =) yen (B6)
nez

On the basis of expansion (B2) for A(-), and similar expansions
for B(:), C(:), and D(-), the EMP regime response of the system
can be expressed as an infinite-dimensional matrix equation of the
following kind:

sX=(A—-N)X+BU Yy=CX+DU (B7)

where X, U and VY are doubly infinite vectors formed with the
harmonics of x, u, and y, respectively, organized in the following
fashion:

T __ T T T T T
X —[...,xfz,xfl,xo,xl,xz,...] (B8)

and similarly for Uand V.
A, B, C and D are doubly infinite Toeplitz matrices formed with
the harmonicsof A(-), B(-), C(-), and D(-), respectively,as follows:

Ay A, A, A5 Ay
A1 Ao Afl A—z A—3
A=|... A4 A Ay A, A, .- (B9)

A3 Az A] AO A*l
A4 A'; Az A] AO

and similarly for B, C, and D. Matrix \V is a block diagonal matrix

N = blkdiag{jnQ1I}, VneZ (B10)

From Eq. (B7), one can define the HTF as the operator,
G(s) =ClsT — (A—M)]"'B+D (B11)

Such an operator provides a most useful connection between the
input harmonics and the output harmonics (organizedin the infinite
vectors ‘Uand V, respectively).

In particular, if one takes s = 0, thus consideringperiodic regimes
of the system, the appropriate input/output operator is

G(s)=CIN —AI"'B+D (B12)

Such input/output representation of a periodic system is, however,
impractical, given that it is infinite dimensional. From an engineer-
ing viewpoint, this model can be satisfactorily replaced by a finite-
dimensional approximation obtained by truncation of the Fourier
series of the system matrices, which in turn implies that matrices A,
B, C, D, and N also are truncated and have finite dimensions.
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